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Abstract. We obtain an embedding of a one-parameter family of exceptional simple Lie super-
algebras D(2, 1;α) into the Lie superalgebra of pseudodifferential symbols on the supercircle S1|2.
Correspondingly, there is an embedding ofD(2, 1;α) into a nontrivial central extension of the derived
contact superconformal algebra K ′(4) realized in terms of 4× 4 matrices over a Weyl algebra.
I. Introduction
Recall that D(2, 1;α) with α ∈ C\{0,−1} is a one-parameter family of classical
simple Lie superalgebras of dimension 17 (Ref. 1). The bosonic part of D(2, 1;α)
is sl(2)⊕ sl(2)⊕ sl(2), and the action of D(2, 1;α)0¯ on D(2, 1;α)1¯ is the product of
2-dimensional representations. These superalgebras are also denoted in the literature
by Γ(σ1, σ2, σ3), where σi are nonzero complex numbers such that σ1 + σ2 + σ3 = 0
(Refs. 2, 3). Γ(σ1, σ2, σ3) ∼= D(2, 1;α), where α = σ1/σ2. In Ref. 4 M. Gu¨naydin gave
a differential operator realization of the action of D(2, 1;α) on a family of superspaces
with 2 bosonic and 2 fermionic coordinates.
In this work we consider Γ(2,−1 − α, α − 1) as a one-parameter family of de-
formations of the Lie superalgebra spo(2|4) ∼= osp(4|2) embedded into the Poisson
superalgebra P (4) of pseudodifferential symbols on the supercircle S1|2 with even
variable t and odd variables ξ1 and ξ2. P (4) = P ⊗ Λ(4), where P is the Poisson
algebra of functions on the cylinder T ∗S1\S1 (which are formal Laurent series in
τ = ∂
∂t
along the fibres, with coefficients periodic in t), and Λ(4) = Λ(ξ1, ξ2, η1, η2) is
the Grassmann algebra, see Ref. 5. If α = 0, then Γ(2,−1,−1) ∼= spo(2|4), and it
is naturally embedded into P (4). Note that spo(2|4)1¯ is spanned by the zero modes
of the fermionic fields of two copies of a Lie superalgebra, which is isomorphic to
the derived superalgebra S ′(2, 0) of divergence-free derivations of C[t, t−1]⊗Λ(ξ1, ξ2).
We obtain one copy, if we identify ∂
∂ξi
with ηi for i = 1, 2. To obtain the other
copy we interchange ξi with ηi in all formulas. Then using the Schwimmer-Seiberg’s
1
deformation S ′(2, α) (see Refs. 6 and 7) of each copy of this superalgebra, we em-
bed Γ(2,−1 − α, α − 1) into P (4) for each α ∈ C. There is also an embedding of
Γ(2,−1−α, α− 1) into the family of Lie superalgebras of pseudodifferential symbols
Ph(4), where h ∈ (0, 1], which contracts to P (4).
Note that S ′(2, α) is spanned by 4 bosonic and 4 fermionic fields, and it is a sub-
superalgebra of the derived contact superconformal algebra K ′(4), which is spanned
by 8 bosonic and 8 fermionic fields (Refs. 7, 8, 9 and 10). K ′(4) is also known to
physicists as the (centerless) “big N = 4 superconformal algebra” (Refs. 11 and 12).
We have shown in Ref. 5 that there exists an embedding of one of three independent
nontrivial central extensions Kˆ ′(4) of K ′(4) into Ph(4) for each h ∈ (0, 1]. Note that
this central extension is different from the one that corresponds to the Virasoro cocy-
cle. Associated to these embeddings, there are spinor-like irreducible representations
of Kˆ ′(4) in the superspaces V µ = tµC[t, t−1] ⊗ Λ(ξ1, ξ2), where ( ∂∂t)−1 acts as an an-
tiderivative. This requires that µ ∈ C\Z. Nevertheless, a representation of Kˆ ′(4) in
V µ is well-defined even if µ = 0. In this case we obtain a realization of Kˆ ′(4) in terms
of 4× 4 matrices over a Weyl algebra W =∑i≥0 Adi, where A = C[t, t−1] and d = t ∂∂t .
Then we describe Γ(2,−1− α, α− 1) as a subsuperalgebra of Kˆ ′(4) for each α ∈ C.
In Ref. 14 (see also Ref. 13) we used the similar approach to realize the exceptional
N = 6 superconformal algebra, which is spanned by 32 fields (Refs. 9, 10 and 15-
18), as a subsuperalgebra of 8 × 8 matrices over a Weyl algebra. This realization is
analogous to the realization, given by C. Martinez and E. I. Zelmanov in Refs. 19
and 20, where they used a different method.
Note that the affine superalgebra Dˆ(2, 1;α) is closely related to the big N = 4
superconformal algebra (see Ref. 21). It is an interesting problem to realize Dˆ(2, 1;α)
in terms of pseudodifferential symbols and matrices over a Weyl algebra. We would
also like to find such realizations for the exceptional Lie superalgebra F (4) (Ref. 1).
II. Superconformal algebras
A superconformal algebra is a complex Lie superalgebra g such that
1) g is simple,
2) g contains the Witt algebra Witt = derC[t, t−1] = ⊕n∈ZCLn with the well-known
commutation relations
[Ln, Lm] = (m− n)Ln+m (2.1)
as a subalgebra,
3) adL0 is diagonalizable with finite-dimensional eigenspaces:
g = ⊕igi, gi = {x ∈ g | [L0, x] = ix}, (2.2)
so that dimgi < C, where C is a constant independent of i, see Refs. 7, 8, 22 and 23.
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Let Λ(2N) be the Grassmann algebra in 2N variables ξ1, . . . , ξN , η1, . . . , ηN , and
let Λ(1, 2N) = C[t, t−1] ⊗ Λ(2N) be an associative superalgebra with natural multi-
plication and with the following parity of generators: p(t) = 0¯, p(ξi) = p(ηi) = 1¯ for
i = 1, . . . , N . Let W (2N) be the Lie superalgebra of all superderivations of Λ(1, 2N).
Let ∂t, ∂ξi and ∂ηi stand for
∂
∂t
, ∂
∂ξi
and ∂
∂ηi
, respectively. Every D ∈ W (2N) is
represented by a differential operator,
D = f∂t +
N∑
i=1
(fi∂ξi + gi∂ηi), (2.3)
where f, fi, gi ∈ Λ(1, 2N).
The Lie superalgebraW (2N) contains a one-parameter family of Lie superalgebras
S(2N,α). By definition
S(2N,α) = {D ∈ W (2N) | Div(tαD) = 0} for α ∈ C, (2.4)
see Refs. 6 and 7. Recall that
Div(D) = ∂t(f) +
N∑
i=1
((−1)p(fi)∂ξi(fi) + (−1)p(gi)∂ηi(gi)). (2.5)
Let S ′(2N,α) = [S(2N,α), S(2N,α)] be the derived superalgebra. Assume that N ≥
1. If α 6∈ Z, then S(2N,α) is simple, and if α ∈ Z, then S ′(2N,α) is a simple ideal of
S(2N,α) of codimension one defined from the exact sequence,
0→ S ′(2N,α)→ S(2N,α)→ Ct−αξ1 · · · ηN∂t → 0. (2.6)
Notice that
S(2N,α) ∼= S(2N,α+ n) for n ∈ Z. (2.7)
There exists, up to equivalence, one nontrivial 2-cocycle on S ′(2N,α) if and only if
N = 1, see Ref. 7. The corresponding central extension Sˆ ′(2, 0) is also called the
“N = 4 superconformal algebra” (Refs. 11, 12, 9 and 22). Let
{Ln, En, Hn, Fn, hn, pn, xn, yn}n∈Z (2.8)
be the following basis of S ′(2, 0):
Ln = −tn(t∂t + 1
2
(n+ 1)(ξ1∂ξ1 + η1∂η1),
En = t
nη1∂ξ1 , Hn = t
n(η1∂η1 − ξ1∂ξ1), Fn = tnξ1∂η1 ,
hn = t
nη1∂t − ntn−1ξ1η1∂ξ1 , pn = tn+1∂η1 ,
xn = t
n+1∂ξ1 , yn = t
nξ1∂t + nt
n−1ξ1η1∂η1 .
(2.9)
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The 2-cocycle in Sˆ ′(2, 0) is given as follows:
c(Ln, Lk) =
1
12
(n3 − n)δn+k,0,
c(En, Fk) =
1
6
nδn+k,0, c(Hn, Hk) =
1
3
nδn+k,0,
c(hn, pk) = −1
6
(n2 − n)δn+k,0, c(xn, yk) = −1
6
(n2 + n)δn+k,0.
(2.10)
III. Poisson superalgebra
The Poisson algebra P of pseudodifferential symbols on the circle is formed by the
formal series
A(t, τ) =
n∑
−∞
ai(t)τ
i, (3.1)
where ai(t) ∈ C[t, t−1], and the even variable τ corresponds to ∂t, Refs. 24-27. The
Poisson bracket is defined as follows:
{A(t, τ), B(t, τ)} = ∂τA(t, τ)∂tB(t, τ)− ∂tA(t, τ)∂τB(t, τ). (3.2)
An associative algebra Ph, where h ∈ (0, 1], is a deformation of P . The multiplication
in Ph is given as follows:
A(t, τ) ◦h B(t, τ) =
∑
n≥0
hn
n!
∂nτA(t, τ)∂
n
t B(t, τ). (3.3)
The Lie algebra structure on the vector space Ph is given by
[A,B]h = A ◦h B −B ◦h A, (3.4)
so that
limh→0
1
h
[A,B]h = {A,B}. (3.5)
The Poisson superalgebra of pseudodifferential symbols on S1|N is P (2N) = P ⊗
Λ(2N). The Poisson bracket is defined as follows:
{A,B} = ∂τA∂tB − ∂tA∂τB + (−1)p(A)+1
N∑
i=1
(∂ξiA∂ηiB + ∂ηiA∂ξiB). (3.6)
Let Λh(2N) be an associative superalgebra with generators ξ1, . . . , ξN , η1, . . . , ηN and
relations
ξiξj = −ξjξi, ηiηj = −ηjηi, ηiξj = hδi,j − ξjηi. (3.7)
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Let Ph(2N) = Ph ⊗ Λh(2N) be a superalgebra with the product given by
(A1 ⊗X)(B1 ⊗ Y ) = (A1 ◦h B1)⊗ (XY ), (3.8)
where A1, B1 ∈ Ph and X, Y ∈ Λh(2N). The Lie bracket of A = A1 ⊗ X and
B = B1 ⊗ Y is
[A,B]h = AB − (−1)p(A)p(B)BA, (3.9)
and (3.5) holds. Ph(2N) is called the Lie superalgebra of pseudodifferential symbols
on S1|N , see Refs. 5 and 13.
IV. Superalgebras Γ(σ1, σ2, σ3)
Recall the definition of Γ(σ1, σ2, σ3), see Refs. 1, 2, 3. Let g = g0¯ ⊕ g1¯ be a Lie
superalgebra, where g0¯ = sp(ψ1) ⊕ sp(ψ2) ⊕ sp(ψ3) and g1¯ = V1 ⊗ V2 ⊗ V3, where
Vi are 2-dimensional vector spaces, and ψi is a non-degenerate skew-symmetric form
on Vi, i = 1, 2, 3. A representation of g0¯ on g1¯ is the tensor product of the standard
representations of sp(ψi) in Vi. Consider sp(ψi) - invariant bilinear mapping
Pi : Vi × Vi → sp(ψi), i = 1, 2, 3, (4.1)
given by
Pi(xi, yi)zi = ψi(yi, zi)xi − ψi(zi, xi)yi (4.2)
for all xi, yi, zi ∈ Vi. Let P be a mapping
P : g1¯ × g1¯ → g0¯ (4.3)
given by
P(x1 ⊗ x2 ⊗ x3, y1 ⊗ y2 ⊗ y3) =
σ1ψ2(x2, y2)ψ3(x3, y3)P1(x1, y1)+
σ2ψ1(x1, y1)ψ3(x3, y3)P2(x2, y2)+
σ3ψ1(x1, y1)ψ2(x2, y2)P3(x3, y3)
(4.4)
for all xi, yi ∈ Vi, i = 1, 2, 3, where σ1, σ2, σ3 are some complex numbers. The Jacobi
identity is satisfied if and only if σ1 + σ2 + σ3 = 0. In this case g is denoted by
Γ(σ1, σ2, σ3). Superalgebras Γ(σ1, σ2, σ3) and Γ(σ
′
1, σ
′
2, σ
′
3) are isomorphic if and only
if there exists a nonzero element k ∈ C and a permutation pi of the set {1, 2, 3} such
that
σ′i = k · σpii for i = 1, 2, 3.
Superalgebras Γ(σ1, σ2, σ3) are simple if and only if σ1, σ2, σ3 are all different from
zero (see Ref. 3). Note that Γ(σ1, σ2, σ3) ∼= D(2, 1;α), where α = σ1/σ2.
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Theorem 4.1: Let Γα, where α ∈ C, be the Lie superalgebra spanned by the
following elements in P (4):
E1α = t
2, F 1α = τ
2 − 2αt−2ξ1ξ2η1η2, H1α = tτ,
E2α = ξ1ξ2, F
2
α = η1η2, H
2
α = ξ1η1 + ξ2η2,
E3α = ξ1η2, F
3
α = ξ2η1, H
3
α = ξ1η1 − ξ2η2,
T 1α = tη1, T
2
α = tη2, T
3
α = tξ1, T
4
α = tξ2,
D1α = τξ1 + αt
−1ξ1ξ2η2, D
2
α = τξ2 − αt−1ξ1ξ2η1,
D3α = τη1 + αt
−1ξ2η1η2, D
4
α = τη2 − αt−1ξ1η1η2.
(4.5)
Then Γα ∼= Γ(2,−1− α, α− 1) for each α ∈ C.
Proof. Consider the following fields:
H1n,α = t
n+1τ, H2n,α = t
n(ξ1η1 + ξ2η2),
E3n,α = t
nξ1η2, F
3
n,α = t
nξ2η1, H
3
n,α = t
n(ξ1η1 − ξ2η2),
T 1n,α = t
n+1η1, T
2
n,α = t
n+1η2, T
3
n,α = t
n+1ξ1, T
4
n,α = t
n+1ξ2,
D1n,α = t
nτξ1 + (α + n)t
n−1ξ1ξ2η2, D
2
n,α = t
nτξ2 − (α + n)tn−1ξ1ξ2η1,
D3n,α = t
nτη1 + (α+ n)t
n−1ξ2η1η2, D
4
n,α = t
nτη2 − (α + n)tn−1ξ1η1η2.
(4.6)
Set
L1n,α = H
1
n,α +
1
2
(α+ n + 1)H2n,α. (4.7)
Let
S1α ⊂ P (4) (4.8)
be defined as follows:
S1α = Span(L
1
n,α, E
3
n,α, F
3
n,α, H
3
n,α, T
1
n,α, T
2
n,α, D
1
n,α, D
2
n,α). (4.9)
Then
S1α
∼= S ′(2, α) for all α ∈ C (4.10)
Note that (4.8) is the restriction of the obvious embedding of W (2) into P (4). We
obtain an embedding of the second copy of S ′(2, α):
S2α ⊂ P (4) (4.11)
by interchanging ξi with ηi in all formulas. Thus
S2α = Span(L
2
n,α, E
3
n,α, F
3
n,α, H
3
n,α, T
3
n,α, T
4
n,α, D
3
n,α, D
4
n,α), (4.12)
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where
L2n,α = H
1
n,α −
1
2
(α + n + 1)H2n,α. (4.13)
Let spo(2|4) ∼= osp(4|2) be a Lie superalgebra which preserves an even nondegenerate
superskew-symmetric form on the (2|4)-dimensional superspace. Note that if α = 0,
then the zero modes of the fermionic fields
T in,α and D
i
n,α for i = 1, 2, 3, 4 (4.14)
span spo(2|4)1¯, hence these elements generate Γ0 ∼= spo(2|4) ∼= Γ(2,−1,−1). Anal-
ogously, for each α ∈ C, the zero modes of the fields (4.14) generate Γα and it is
isomorphic to Γ(2,−1− α, α− 1).
Explicitly an isomorphism ϕ : Γ(2,−1− α, α− 1)→ Γα is given as follows. Let
V1 = Span(e1, e2), V2 = Span(f1, f2), V3 = Span(h1, h2),
and
ψ1(e1, e2) = −ψ1(e2, e1) = 1,
ψ2(f1, f2) = −ψ2(f2, f1) = 1,
ψ3(h1, h2) = −ψ3(h2, h1) = 1.
(4.15)
Then
ϕ(P1(e1, e1)) = −E1α, ϕ(P1(e2, e2)) = −F 1α , ϕ(P1(e1, e2)) = −H1α,
ϕ(P2(f1, f1)) = −2F 2α, ϕ(P2(f2, f2)) = −2E2α, ϕ(P2(f1, f2)) = H2α,
ϕ(P3(h1, h1)) = −2F 3α, ϕ(P3(h2, h2)) = 2E3α, ϕ(P3(h1, h2)) = H3α,
ϕ(e1 ⊗ f1 ⊗ h1) =
√
2iT 1α, ϕ(e1 ⊗ f1 ⊗ h2) =
√
2iT 2α,
ϕ(e1 ⊗ f2 ⊗ h1) = −
√
2iT 4α , ϕ(e1 ⊗ f2 ⊗ h2) =
√
2iT 3α,
ϕ(e2 ⊗ f1 ⊗ h1) =
√
2iD3α, ϕ(e2 ⊗ f1 ⊗ h2) =
√
2iD4α,
ϕ(e2 ⊗ f2 ⊗ h1) = −
√
2iD2α, ϕ(e2 ⊗ f2 ⊗ h2) =
√
2iD1α.
(4.16)
Thus sp(ψi) ∼= Span(Eiα, H iα, F iα) for i = 1, 2, 3.

Remark 4.2: We will use the following commutation relations:
[T 1α, T
3
α] = E
1
α, [T
1
α, D
4
α] = −(1 + α)F 2α,
[T 2α, T
4
α] = E
1
α, [T
2
α, D
3
α] = (1 + α)F
2
α,
[D1α, T
4
α] = (1 + α)E
2
α, [D
1
α, D
3
α] = F
1
α,
[D2α, T
3
α] = −(1 + α)E2α, [D2α, D4α] = F 1α.
(4.17)
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V. Superalgebra Kˆ ′(4)
By definition,
K(2N) = {D ∈ W (2N) | DΩ = fΩ for some f ∈ Λ(1, 2N)}, (5.1)
where Ω = dt+
∑N
i=1 ξidηi+ηidξi is a differential 1-form, which is called a contact form,
see Refs. 7-10, 16-18 and 28. The Euler operator is defined by E =
∑N
i=1 ξi∂ξi +ηi∂ηi .
We also define operators ∆ = 2−E and Hf = (−1)p(f)+1
∑N
i=1 ∂ξif∂ηi+∂ηif∂ξi , where
f ∈ Λ(1, 2N).
There is a one-to-one correspondence between the differential operators D ∈
K(2N) and the functions f ∈ Λ(1, 2N). The correspondence f ↔ Df is given by
Df = ∆(f)
∂
∂t
+
∂f
∂t
E −Hf . (5.2)
The contact bracket on Λ(1, 2N) is
{f, g}K = ∆(f)∂tg − ∂tf∆(g)− {f, g}P.b, (5.3)
where
{f, g}P.b = (−1)p(f)+1
N∑
i=1
(∂ξif∂ηig + ∂ηif∂ξig) (5.4)
is the Poisson bracket. Thus [Df , Dg] = D{f,g}
K
.
The superalgebras K(2N) are simple, except when N = 2. If N = 2, then the
derived superalgebra K ′(4) = [K(4), K(4)] is a simple ideal in K(4) of codimension
one defined from the exact sequence
0→ K ′(4)→ K(4)→ CDt−1ξ1ξ2η1η2 → 0. (5.5)
The superalgebra K ′(4) has 3 independent central extensions, see Refs. 7, 10, 29 and
30. The following statement is proven in Refs. 5 and 13.
Proposition 5.1: There exists an embedding
i0 : K
′(4) −→ P (4). (5.6)
The superalgebra i0(K
′(4)) is spanned by the 12 fields:
Ln = t
n+1τ, Qn = t
n+1τξ1ξ2,
X in = t
n+1τξi, Y
i
n = t
nηi,
Rjin = t
nξjηi, Z
i
n = t
nξ1ξ2ηi,
(5.7)
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where i, j = 1, 2, and 4 fields:
G0n = t
n−1τ−1η1η2,
Gin = t
n−1τ−1ξiη1η2, i = 1, 2,
G3n = nt
n−1τ−1ξ1ξ2η1η2, n 6= 0.
(5.8)
Note that Ln is a Virasoro field. Let Kˆ
′(4) = K ′(4)⊕CC be one of three independent
central extensions of K ′(4), such that the corresponding 2-cocycle is
c(Ln, G
3
k) = −nδn+k,0,
c(X in, G
j
k) = (−1)jδn+k,0, 1 ≤ i 6= j ≤ 2,
c(Qn, G
0
k) = δn+k,0.
(5.9)
For each h ∈ (0, 1], there exists an embedding
ih : Kˆ
′(4) −→ Ph(4). (5.10)
The superalgebra ih(Kˆ
′(4)) is spanned by the 12 fields (5.7) and 4 fields:
G0n,h = τ
−1 ◦h tn−1η1η2,
Gin,h = τ
−1 ◦h tn−1η1η2ξi, i = 1, 2,
G3n,h = nτ
−1 ◦h tn−1η1η2ξ1ξ2 + htn.
(5.11)
Note that the central element in ih(Kˆ
′(4)) is G30,h = h, and
limh→0ih(Kˆ
′(4)) = i0(K
′(4)) ⊂ P (4). (5.12)
Theorem 5.2: Let Γα,h, where α ∈ C and h ∈ (0, 1], be spanned by the following
elements in Ph(4):
E1α,h = t
2, H1α,h = tτ +
α + 1
2
h,
F 1α,h = τ
2 − α(2t−2ξ1ξ2η1η2 + t−2(ξ1η1 + ξ2η2)h− t−1τh),
E2α,h = ξ1ξ2, F
2
α,h = η1η2, H
2
α,h = ξ1η1 + ξ2η2 − h,
E3α,h = ξ1η2, F
3
α,h = ξ2η1, H
3
α,h = ξ1η1 − ξ2η2,
T 1α,h = tη1, T
2
α,h = tη2, T
3
α,h = tξ1, T
4
α,h = tξ2,
D1α,h = τξ1 + αt
−1ξ1ξ2η2, D
2
α,h = τξ2 − αt−1ξ1ξ2η1,
D3α,h = τη1 + αt
−1η1η2ξ2, D
4
α,h = τη2 − αt−1η1η2ξ1.
(5.13)
Then Γα,h ∼= Γ(2,−1− α, α− 1), and limh→0Γα,h = Γα ⊂ P (4).
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Proof. We can obtain the second embedding
jh : Kˆ
′(4) −→ Ph(4) (5.14)
for each h ∈ (0, 1], if we interchange ξi with ηi in all the formulas for the embedding
(5.10). Then
limh→0jh(Kˆ
′(4)) = j0(K
′(4)) ⊂ P (4). (5.15)
In (4.8) and (4.11) we obtained embeddings
S1α ⊂ i0(K ′(4)), S2α ⊂ j0(K ′(4)).
Naturally
S1α = S
1
α,h ⊂ ih(Kˆ ′(4)). (5.16)
To obtain embedding
S2α,h ⊂ jh(Kˆ ′(4)) (5.17)
we interchange ξi with ηi in all formulas for the embedding (5.16). Thus
S2α,h = Span(L
2
n,α,h, E
3
n,α,h, F
3
n,α,h, H
3
n,α,h, T
3
n,α,h, T
4
n,α,h, D
3
n,α,h, D
4
n,α,h), (5.18)
where
L2n,α,h = t
n+1τ +
1
2
(α + n + 1)(η1ξ1 + η2ξ2),
E3n,α,h = E
3
n,α, F
3
n,α,h = F
3
n,α, H
3
n,α,h = H
3
n,α,
T 3n,α,h = T
3
n,α, T
4
n,α,h = T
4
n,α,
D3n,α,h = t
nτη1 + (α + n)t
n−1η1η2ξ2,
D4n,α,h = t
nτη2 − (α + n)tn−1η1η2ξ1.
(5.19)
For each α ∈ C and each h ∈ (0, 1], the zero modes of the fermionic fields
T in,α,h and D
i
n,α,h for i = 1, 2, 3, 4 (5.20)
generate Γα,h and it is isomorphic to Γ(2,−1−α, α−1). One can use the commutation
relations given in Remark 4.2 to find Eiα,h, F
i
α,h and H
i
α,h for i = 1, 2.

VI. Realizations as matrices over a Weyl algebra
In this section we will describe Kˆ ′(4) in terms of matrices over a Weyl algebra.
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By definition, a Weyl algebra is
W =
∑
i≥0
Adi, (6.1)
where A is an associative commutative algebra and d : A → A is a derivation of A,
with the relations
da = d(a) + ad, a ∈ A, (6.2)
see Refs. 19 and 20. Set
A = C[t, t−1], d = L0 = tτ. (6.3)
Let M(2|2,W) be the Lie superalgebra of 4× 4 matrices over W.
Theorem 6.1: There exists an embedding
I : Kˆ ′(4) −→M(2|2,W). (6.4)
The superalgebra I(Kˆ ′(4)) is spanned by the following elements:
I(Ln) =


dtn 0 0 0
0 tnd 0 0
0 0 tnd 0
0 0 0 tnd

 , I(G3n) = tn12|2,
I(R11n ) =


0 0 0 0
0 tn 0 0
0 0 tn 0
0 0 0 0

 , I(R22n ) =


0 0 0 0
0 tn 0 0
0 0 0 0
0 0 0 tn

 ,
I(R12n ) =


0 0 0 0
0 0 0 0
0 0 0 tn
0 0 0 0

 , I(R21n ) =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 tn 0

 ,
I(G0n) =


0 −tn 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 , I(Qn) =


0 0 0 0
tn 0 0 0
0 0 0 0
0 0 0 0

 ,
(6.5)
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I(Y 1n ) =


0 0 dtn 0
0 0 0 0
0 0 0 0
0 tn 0 0

 , I(Y 2n ) =


0 0 0 dtn
0 0 0 0
0 −tn 0 0
0 0 0 0

 ,
I(X1n) =


0 0 0 0
0 0 0 tnd
tn 0 0 0
0 0 0 0

 , I(X2n) =


0 0 0 0
0 0 −tnd 0
0 0 0 0
tn 0 0 0

 ,
I(G1n) =


0 0 0 −tn
0 0 0 0
0 0 0 0
0 0 0 0

 , I(G2n) =


0 0 tn 0
0 0 0 0
0 0 0 0
0 0 0 0

 ,
I(Z1n) =


0 0 0 0
0 0 tn 0
0 0 0 0
0 0 0 0

 , I(Z2n) =


0 0 0 0
0 0 0 tn
0 0 0 0
0 0 0 0

 .
Note that the central element is C = I(G30) = 12|2.
Proof. Consider the embedding
ih : Kˆ
′(4) −→ Ph(4). (6.6)
Let V µ = tµC[t, t−1] ⊗ Λ(ξ1, ξ2), where µ ∈ C\Z. We fix h = 1, and define a repre-
sentation of Kˆ ′(4) in V µ according to the formulas (5.7) and (5.11). Namely, ξi is
the operator of multiplication in Λ(ξ1, ξ2), ηi is identified with ∂ξi , τ
−1 is identified
with an antiderivative, and the central element C = 1 ∈ Ph=1(4) acts by the identity
operator. Consider the following basis in V µ:
v0m(µ) =
1
m+ µ
tm+µ, v1m(µ) = t
m+µξ1,
v2m(µ) = t
m+µξ2, v
12
m (µ) = t
m+µξ1ξ2 for all m ∈ Z.
(6.7)
Explicitly, the action of Kˆ ′(4) on V µ is given as follows:
Ln(v
0
m(µ)) = (n +m+ µ)v
0
m+n(µ),
Ln(v
i
m(µ)) = (m+ µ)v
i
m+n(µ), i = 1, 2, 3,
X in(v
0
m(µ)) = v
i
m+n(µ), i = 1, 2,
X1n(v
2
m(µ)) = (m+ µ)v
3
m+n(µ),
X2n(v
1
m(µ)) = −(m+ µ)v3m+n(µ),
Qn(v
0
m(µ)) = v
3
m+n(µ),
(6.8)
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Y in(v
i
m(µ)) = (n+m+ µ)v
0
m+n(µ), i = 1, 2,
Y 1n (v
3
m(µ)) = v
2
m+n(µ),
Y 2n (v
3
m(µ)) = −v1m+n(µ),
Riin(v
i
m(µ)) = v
i
m+n(µ), i = 1, 2,
Riin(v
3
m(µ)) = v
3
m+n(µ), i = 1, 2,
Rijn (v
j
m(µ)) = v
i
m+n(µ), i 6= j = 1, 2,
Z in(v
i
m(µ)) = v
3
m+n(µ), i = 1, 2,
G0n,1(v
3
m(µ)) = −v0m+n(µ),
G1n,1(v
2
m(µ)) = −v0m+n(µ), G2n,1(v1m(µ)) = v0m+n(µ),
G3n,1(v
i
m(µ)) = v
i
m+n(µ), n 6= 0, i = 0, 1, 2, 3.
These formulas remain valid for µ = 0. Thus we obtain a representation of Kˆ ′(4) in
the superspace V = C[t, t−1]⊗ Λ(ξ1, ξ2) with a basis
{v0m, v3m; v1m, v2m},
where
v0m = t
m, v3m = t
mξ1ξ2, v
i
m = t
mξi, i = 1, 2, m ∈ Z.
We have
Ln(v
0
m) = dt
nv0m, Ln(v
i
m) = t
ndvim, i = 1, 2, 3,
X in(v
0
m) = t
nvim, i = 1, 2, X
1
n(v
2
m) = t
ndv3m,
X2n(v
1
m) = −tndv3m, Qn(v0m) = tnv3m,
Y in(v
i
m) = dt
nv0m, i = 1, 2, Y
1
n (v
3
m) = t
nv2m,
Y 2n (v
3
m) = −tnv1m, Riin(vim) = tnvim, i = 1, 2,
Riin(v
3
m) = t
nv3m, R
ij
n (v
j
m) = t
nvim, i 6= j = 1, 2,
Z in(v
i
m) = t
nv3m, i = 1, 2,
G0n,1(v
3
m) = −tnv0m, G1n,1(v2m) = −tnv0m, G2n,1(v1m) = tnv0m,
G3n,1(v
i
m) = t
nvim, n 6= 0, i = 0, 1, 2, 3.
(6.9)
Thus we obtain the above-mentioned realization of Kˆ ′(4) as a subsuperalgebra of
matrices of size 4× 4 over W.

Remark 6.2. Naturally, V = ⊕mVm, where Vm = tm ⊗ Λ(ξ1, ξ2). Recall that the
element L0 = tτ of the Virasoro algebra defines a Z-grading in Kˆ
′(4): Kˆ ′(4) = ⊕igi.
It follows from (6.8) that
gi(Vm) ⊂ Vm+i.
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Note that g0 is isomorphic to the universal central extension of sl(2|2), and it is
realized as a superalgebra of 4× 4 matrices over W of type
(
A B + dC˜
C D
)
⊕ Cd · 12|2, (6.10)
where A,B,C,D ∈ gl(2,C) and trA = trD. C˜ is determined by the following condi-
tions:
if C = Eii, then C˜ = Ejj, where i 6= j,
if C = Eij , i 6= j, then C˜ = −Eij ,
(6.11)
where Eij is an elementary 2× 2-matrix.
It was observed in Refs. 30 and 31 that the big N = 4 superconformal algebra
contains D(2, 1;α) as a subsuperalgebra. In the next theorem, we give a realization of
D(2, 1;α) inside I(Kˆ ′(4)). Note that it is different from the realization of D(2, 1;α)
inside M(2|2,W), which one can directly obtain from Theorem 5.2.
Theorem 6.3: For each α ∈ C the superalgebra Γ(2,−1 − α, α − 1) is realized
inside the superalgebra I(Kˆ ′(4)) as follows:
T 1α =


0 0 t(d+ 1) 0
0 0 0 0
0 0 0 0
0 t 0 0

 , T 2α =


0 0 0 t(d+ 1)
0 0 0 0
0 −t 0 0
0 0 0 0

 ,
D1α =


0 0 0 0
0 0 0 t−1(d+ α)
t−1 0 0 0
0 0 0 0

 , D2α =


0 0 0 0
0 0 −t−1(d+ α) 0
0 0 0 0
t−1 0 0 0

 ,
T 3α =


0 0 0 0
0 0 0 t(d+ 1)
t 0 0 0
0 0 0 0

 , T 4α =


0 0 0 0
0 0 −t(d + 1) 0
0 0 0 0
t 0 0 0

 ,
D3α =


0 0 t−1(d+ α) 0
0 0 0 0
0 0 0 0
0 t−1 0 0

 , D4α =


0 0 0 t−1(d+ α)
0 0 0 0
0 −t−1 0 0
0 0 0 0

 ,
(6.12)
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E1α =
(
t2(d+ 2)12 0
0 t2(d+ 1)12
)
,
F 1α =
(
t−2(d+ α− 1)12 0
0 t−2(d+ α)12
)
,
H1α = (d+
1 + α
2
)12|2,
E2α =


0 0 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 , F 2α =


0 −1 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 , H2α =


−1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 ,
E3α =


0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0

 , F 3α =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 0

 , H3α =


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 −1

 .
Proof. Consider the embedding
jh : Kˆ
′(4) −→ Ph(4). (6.13)
To describe the associated representations we choose the following basis in V µ:
v0m(µ) = t
m+µ, v1m(µ) = t
m+µξ1,
v2m(µ) = t
m+µξ2, v
12
m (µ) =
1
m+ µ
tm+µξ1ξ2, m ∈ Z.
(6.14)
One can repeat the construction given in the proof of Theorem 6.1, and obtain an
embedding
J : Kˆ ′(4) −→M(2|2,W). (6.15)
Note that under both embeddings, Kˆ ′(4) is realized as the same matrix superalgebra:
I(Kˆ ′(4)) = J(Kˆ ′(4)). (6.16)
We have
J(Ln) = I(Ln)− nI(G3n) + nI(R11n ) + nI(R22n ), J(Qn) = I(G0n),
J(R11n ) = I(G
3
n)− I(R11n ), J(R22n ) = I(G3n)− I(R22n ),
J(R12n ) = −I(R21n ), J(R21n ) = −I(R12n ),
J(G0n) = I(Qn), J(G
3
n) = I(G
3
n),
J(Y 1n ) = I(X
1
n) + nI(Z
2
n), J(Y
2
n ) = I(X
2
n)− nI(Z1n),
J(X1n) = I(Y
1
n )− nI(G2n), J(X2n) = I(Y 2n ) + nI(G1n),
J(G1n) = I(Z
1
n), J(G
2
n) = I(Z
2
n), J(Q
1
n) = I(G
1
n), J(Q
2
n) = I(G
2
n).
(6.17)
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To find matrix realizations of T iα and D
i
α, we use (6.4), if i = 1, 2, and we use (6.15), if
i = 3, 4. Note that formulas (6.4) and (6.15) determine the same matrices for E3α, F
3
α
and H3α. Finally, to find E
i
α, F
i
α and H
i
α for i = 1, 2, we use the commutation relations
given in Remark 4.2, and the relations in W:
dtn = tnd+ ntn for all n ∈ Z. (6.18)
Thus we have
T 1α = I(Y
1
1 ), T
2
α = I(Y
2
1 ),
T 3α = I(X
1
1 ) + I(Z
2
1), T
4
α = I(X
2
1 )− I(Z11),
D1α = I(X
1
−1) + αI(Z
2
−1), D
2
α = I(X
2
−1)− αI(Z1−1),
D3α = I(Y
1
−1) + (α + 1)I(G
2
−1), D
4
α = I(Y
2
−1)− (α + 1)I(G1−1),
E1α = I(L2) + I(R
11
2 ) + I(R
22
2 ),
F 1α = I(L−2) + (α+ 1)I(G
3
−2)− I(R11−2)− I(R22−2),
H1α = I(L0) +
1
2
(1 + α)C,
E2α = I(Q0), F
2
α = I(G
0
0), H
2
α = I(R
11
0 ) + I(R
22
0 )− C,
E3α = I(R
12
0 ), F
3
α = I(R
21
0 ), H
3
α = I(R
11
0 )− I(R220 ).
(6.19)

Remark 6.4: In Theorem 5.2 we described an embedding of Γ(2,−1 − α, α − 1)
into Ph(4). Note that it is actually an embedding of Γ(2,−1 − α, α − 1) into the
Lie superalgebra of differential operators on S1|2. One can use the fields in (5.7) and
(5.11) and formulas (6.19) to obtain a different embedding of this superalgebra into
Ph(4) such that
Γα,h ⊂ ih(Kˆ ′(4)) (6.20)
for each h ∈ (0, 1] and each α ∈ C. In this embedding the pseudodifferential symbols
are essentially used. Γα,h ∼= Γ(2,−1−α, α− 1) is spanned by the following elements:
E1α,h = t
3τ + t2(ξ1η1 + ξ2η2),
F 1α,h = t
−1τ + (α + 1)(−2τ−1 ◦h t−3η1η2ξ1ξ2 + ht−2)− t−2(ξ1η1 + ξ2η2),
H1α,h = tτ +
α + 1
2
h,
E2α,h = tτξ1ξ2, F
2
α,h = τ
−1 ◦h t−1η1η2, H2α,h = ξ1η1 + ξ2η2 − h,
E3α,h = ξ1η2, F
3
α,h = ξ2η1, H
3
α,h = ξ1η1 − ξ2η2,
(6.21)
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T 1α,h = tη1, T
2
α,h = tη2,
T 3α,h = t
2τξ1 + tξ1ξ2η2, T
4
α,h = t
2τξ2 − tξ1ξ2η1,
D1α,h = τξ1 + αt
−1ξ1ξ2η2, D
2
α,h = τξ2 − αt−1ξ1ξ2η1,
D3α,h = t
−1η1 + (α + 1)τ
−1 ◦h t−2η1η2ξ2,
D4α,h = t
−1η2 − (α+ 1)τ−1 ◦h t−2η1η2ξ1.
Then
limh→0Γα,h = Γα ⊂ i0(K ′(4)) ⊂ P (4). (6.22)
Γα ∼= Γ(2,−1− α, α− 1) is spanned by the following elements:
Eiα = E
i
α,h, i = 1, 2, 3, F
3
α = F
3
α,h, H
3
α = H
3
α,h,
T iα = T
i
α,h, i = 1, 2, 3, 4, D
i
α = D
i
α,h, i = 1, 2,
F 1α = t
−1τ − 2(α + 1)t−3τ−1ξ1ξ2η1η2 − t−2(ξ1η1 + ξ2η2), H1α = tτ,
F 2α = t
−1τ−1η1η2, H
2
α = ξ1η1 + ξ2η2,
D3α = t
−1η1 + (α + 1)t
−2τ−1η1η2ξ2, D
4
α = t
−1η2 − (α+ 1)t−2t−2τ−1η1η2ξ1.
(6.23)
Note that the matrix realization of Γ(2,−1− α, α− 1) in Theorem 6.3 is associated
to (6.20), where h = 1: it is the restriction of the mapping I given in (6.4), to
Γ(2,−1− α, α− 1).
Remark 6.5: Recall that superalgebras Γ(2,−1 − α, α − 1) are not simple when
α = 1 or −1. Correspondingly, we have the following realizations of psl(2|2) =
sl(2|2)/ < 12|2 > as a subsuperalgebra of M(2|2,W). If α = 1, then
Span(Eiα, H
i
α, F
i
α, T
j
α, D
j
α | i = 1, 2 and j = 1, . . . , 4) ∼= psl(2|2),
Γ(2,−2, 0)/psl(2|2) ∼= sl(2). (6.24)
If α = −1, then
Span(Eiα, H
i
α, F
i
α, T
j
α, D
j
α | i = 1, 3 and j = 1, . . . , 4) ∼= psl(2|2),
Γ(2, 0,−2)/psl(2|2) ∼= sl(2). (6.25)
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